A b s t r ac t . Hajnal and Szemerédi proved that if G is a finite graph with maximum degree ∆, then for every integer k ě ∆`1, G has a proper coloring with k colors in which every two color classes differ in size at most by 1; such colorings are called equitable. We obtain an analog of this result for infinite graphs in the Borel setting. Specifically, we show that if G is an aperiodic Borel graph of finite maximum degree ∆, then for each k ě ∆`1, G has a Borel proper k-coloring in which every two color classes are related by an element of the Borel full semigroup of G. In particular, such colorings are equitable with respect to every G-invariant probability measure. We also establish a measurable version of a result of Kostochka and Nakprasit on equitable ∆-colorings of graphs with small average degree. Namely, we prove that if ∆ ě 3, G does not contain a clique on ∆`1 vertices, and µ is an atomless G-invariant probability measure such that the average degree of G with respect to µ is at most ∆{5, then G has a µ-equitable ∆-coloring. As steps towards the proof of this result, we establish measurable and list coloring extensions of a strengthening of Brooks's theorem due to Kostochka and Nakprasit.
The central result of this paper is an extension of Theorem 1.1 to equitable colorings of infinite graphs. Specifically, if G is a graph whose vertex set V pGq carries a probability measure, then it is natural to call a proper k-coloring f of G equitable if every color class of f has measure 1{k. Notice that, in order for this definition to be sensible, we must require that every color class of f is a measurable subset of V pGq. Questions regarding the behavior of colorings, matchings, and other combinatorial constructions under extra measurability constraints are studied in the area of descriptive combinatorics, which has attracted considerable attention in recent years; see [KM16] for a comprehensive survey.
Before stating our results, we need to introduce some relevant terminology. Our main references for descriptive set theory are [Kec95; Tse16] . By a Borel graph we mean a graph G whose vertex set V pGq is a standard Borel space and whose edge set EpGq is a Borel subset of V pGqˆV pGq. If G is a Borel graph and C is a standard Borel space, then a C-coloring f : V pGq Ñ C is Borel if it is a Borel function, i.e., if preimages of Borel subsets of C under f are Borel in V pGq. When C is countable, this is equivalent to saying that every color class of f is a Borel subset of V pGq. The smallest cardinality of a standard Borel space C such that G admits a Borel proper C-coloring is called the Borel chromatic number of G and is denoted by χ B pGq. Similarly, given a probability measure µ on V pGq, we can talk about µ-measurable colorings f : V pGq Ñ C (i. e ., such that f -preimages of Borel subsets of C are µ-measurable) and define the µ-measurable chromatic number χ µ pGq of G as the smallest cardinality of a standard Borel space C such that G admits a µ-measurable proper C-coloring. Borel chromatic numbers were first introduced and systematically studied by Kechris, Solecki, and Todorcevic in their seminal paper [KST99] . Among several other results, they established the following fact: In view of Theorem 1.2, it is meaningful to ask for Borel p∆`1q-colorings with extra properties (such as being equitable). We remark that, according to a startling result of Marks [Mar16] , the upper bound χ B pGq ď ∆`1 is sharp, even for acyclic graphs G. Definition 1. 3 . Let G be a Borel graph and let µ be a probability measure on V pGq. A µ-equitable k-coloring of G is a µ-measurable proper k-coloring f of G such that µpf´1pαqq " 1{k for every color α.
Just as the definition of equitable coloring for finite graphs uses the (normalized) counting measure on V pGq, Definition 1.3 is most natural for measures µ that "assign the same weight" to every vertex of G. Formally, let G denote the Borel full semigroup of G, i.e., the set of all Borel bijections ϕ : A Ñ B, where A and B are Borel subsets of V pGq, such that for all x P A, ϕpxq and x are joined by a path in G. We say that Borel subsets A, B Ď V pGq are G-equidecomposable, in symbols A « G B, if there is ϕ P G with dompϕq " A and impϕq " B. A probability measure µ on V pGq is said to be G-invariant if µpAq " µpBq whenever A « G B. When the maximum degree of G is finite, this is equivalent to the following "double-counting" identity: ż
1.B. Equitable ∆-colorings
By Brooks's theorem [Die00, Theorem 5. 2 .4], "most" connected finite graphs of maximum degree ∆ can be properly colored using only ∆ colors; the only exceptions are odd cycles and complete graphs. For equitable ∆-colorings, at least one new class of pathological examples is known: the complete bipartite graphs K ∆,∆ for odd ∆. The following analog of Brooks's theorem was conjectured by Chen, Lih, and Wu [CLW94] : Conjecture 1.8 (Chen-Lih-Wu [CLW94] ). Let G be a connected finite graph of maximum degree ∆ ě 1. Then G has an equitable ∆-coloring, unless: (a) ∆ " 2 and G is an odd cycle; (b) G -K ∆`1 ; or (c) ∆ is odd and G -K ∆,∆ .
To date, Conjecture 1.8 remains open. However, some partial results are known; see [Lih13] for a survey. In particular, Kostochka and Nakprasit [KN05] proved that G has an equitable ∆-coloring provided that the average degree of G, i.e., the quantity dpGq :"
is considerably smaller than ∆: Theorem 1.9 (Kostochka-Nakprasit [KN05, Theorem 1]). Let G be a finite graph of maximum degree ∆ ě 46 and without a clique on ∆`1 vertices. If the average degree of G is at most ∆{5, then G admits an equitable ∆-coloring.
Our second main result is a measurable version of Theorem 1. 9 . Unfortunately, Brooks's theorem fails in the setting of Borel colorings (as mentioned earlier, Marks [Mar16] showed that the bound χ B pGq ď ∆`1 is sharp even for acyclic graphs G). However, Conley, Marks, and Tucker-Drob established a version of Brooks's theorem for measurable colorings: 
(1)]).
Let G be a Borel graph of finite maximum degree ∆ ě 3 and without a clique on ∆`1 vertices. Then χ µ pGq ď ∆ for every probability measure µ on V pGq.
Thus, there is still hope of constructing µ-equitable ∆-colorings. For a Borel graph G of finite maximum degree and a probability measure µ on V pGq, let the µ-average degree of G be
The reader familiar with measurable graph theory would notice that d µ pGq " 2C µ pGq, where C µ pGq is the cost of G (see [KM04,  Chapter III]). Recall that a measure µ is called atomless if µptxuq " 0 for every point x. (In particular, if G is an aperiodic Borel graph, then every G-invariant probability measure on V pGq is atomless.) We prove the following measurable analog of Theorem 1.9: Theorem 1.11. Let G be a Borel graph of finite maximum degree ∆ ě 3 and without a clique on ∆`1 vertices. If µ is an atomless G-invariant probability measure on V pGq such that d µ pGq ď ∆{5, then G has a µ-equitable ∆-coloring.
It is possible that the upper bound on d µ pGq in Theorem 1.11 is not actually necessary. Indeed, we suspect that the following version of Conjecture 1.8 should hold in full generality: Conjecture 1.12. Let G be an aperiodic Borel graph of finite maximum degree ∆ ě 3 and let µ be a G-invariant probability measure on V pGq. Then G has a µ-equitable ∆-coloring.
1.C. Domination for partial ∆-colorings
In order to prove Theorem 1.9, Kostochka and Nakprasit established a useful auxiliary result concerning the relationship between ∆-colorings of a finite graph G and those of its subgraphs. Let G be a graph and let C be a set. A partial C-coloring of G is a function f : U Ñ C with U Ď V pGq; to indicate that f is a partial C-coloring, we write f : V pGq á C. A partial C-coloring f is proper if f pxq ‰ f pyq whenever x, y P dompf q are adjacent. Given partial C-colorings f , g of a finite graph G, we say that f dominates g, in symbols f ě g, if |f´1pαq| ě |g´1pαq| for all α P C. In particular, if f is an extension of g (i.e., if f Ě g), then f dominates g; but in general the relation f ě g says nothing about the values f and g take at individual vertices. Theorem 1.13 (Kostochka-Nakprasit [KN05, Theorem 2]). Let G be a finite graph of maximum degree ∆ ě 3 and without a clique on ∆`1 vertices. If g is a proper partial ∆-coloring of G, then G has a proper ∆-coloring f such that f ě g. Unsurprisingly, our proof of Theorem 1.11 similarly relies on a measurable version of Theorem 1. 13 . To state it, we extend the notion of domination for partial colorings to the measurable context in the obvious way. Namely, if G is a Borel graph and µ is a probability measure on V pGq, then, given a pair of µ-measurable partial colorings f , g, we say that f dominates g with respect to µ, in symbols f ě µ g, if µpf´1pαqq ě µpg´1pαqq for every color α. Theorem 1.14 (M e a s u r a b l e d o m i n a t i o n). Let G be a Borel graph of finite maximum degree ∆ ě 3 and without a clique on ∆`1 vertices and let µ be a G-invariant probability measure on V pGq. If g is a µ-measurable proper partial ∆-coloring of G, then G has a µ-measurable proper ∆-coloring f such that f ě µ g.
In combination with Theorem 1.5, Theorem 1.14 yields the following corollary: Corollary 1.15 (Almost equitable ∆-colorings). Let G be an aperiodic Borel graph of finite maximum degree ∆ ě 3 and let µ be a G-invariant probability measure on V pGq. Then G has a µ-measurable proper ∆-coloring f such that µpf´1pαqq ě 1{p∆`1q for every color α. P ro o f. By Theorem 1.5, G has a µ-equitable p∆`1q-coloring h. Fix an arbitrary color β and let g be the partial ∆-coloring of G obtained from h by uncoloring all the vertices in h´1pβq. Then every color class of g has measure precisely 1{p∆`1q, and thus applying Theorem 1.14 to this g yields the desired ∆-coloring f .
It turns out that, in order to prove Theorem 1.14, we must first strengthen Theorem 1.13 by extending it to the list coloring context. This phenomenon is not uncommon in graph coloring theory; for example, the proof of Theorem 1.10 due to Conley, Marks, and Tucker-Drob relies in a similar fashion on the list coloring version of Brooks's theorem (see Theorem 1.16 below). As we believe our list coloring analog of Theorem 1.13 to be of independent interest, we describe it here.
List coloring is a generalization of graph coloring that was introduced independently by Vizing [Viz76] and Erdős, Rubin, and Taylor [ERT79] . A list assignment for a graph G is a mapping L that assigns to each vertex x P V pGq a set Lpxq, called the list of x. An L-coloring of G is a function f with domain V pGq such that f pxq P Lpxq for all x P V pGq; similarly, a partial L-coloring is a function f with dompf q Ď V pGq such that f pxq P Lpxq for all x P dompf q. A (partial) L-coloring f is proper if f pxq ‰ f pyq whenever x and y are adjacent. Note that ordinary graph coloring is a special case of list coloring with all lists being the same.
A list assignment L for a graph G is called a degree-list assignment if |Lpxq| ě deg G pxq for all x P V pGq. A fundamental result of Borodin [Bor79] and Erdős, Rubin, and Taylor [ERT79] , which can be seen as an extension of Brooks's theorem to list coloring, provides a complete characterization of graphs G that are not L-colorable with respect to some degree-list assignment L. To state it, we need to recall a few definitions. Given a vertex x P V pGq, we write G´x for the subgraph of G obtained by deleting x and all the edges incident to x. A cut-vertex in a connected graph G is a vertex x P V pGq such that G´x has at least two connected components. A block in a graph G is a maximal subgraph of G without a cut-vertex. A connected graph G is called a Gallai tree if every block in G is a clique or an odd cycle (see Figure 1) . . Let G be a connected finite graph that is not a Gallai tree and let L be a degree-list assignment for G. Then G has a proper L-coloring.
If f and g are partial L-colorings of a finite graph G, we say that f dominates g, in symbols f ě g, if |f´1pαq| ě |g´1pαq| for all α P Ť tLpxq : x P V pGqu. At first glance, this notion of domination may seem too strong, since each color α is only available to a subset of the vertices. Nevertheless, it turns out that this is the right notion for strengthening Theorem 1.16 and extending Theorem 1.13 to the list coloring framework: Theorem 1.17 (Domination for list coloring). Let G be a connected finite graph that is not a Gallai tree and let L be a degree-list assignment for G. Suppose that g is a partial proper L-coloring of G. Then G has a proper L-coloring f with f ě g.
1.D. Outline of the remainder of the paper
After the preliminary Section 2, we proceed to prove Theorem 1.6 (and thus also Theorem 1.5) in Section 3. The bulk of Section 3 is concerned with building µ-equitable colorings for a fixed probability measure µ; the tools that are then used to obtain a complete proof of Theorem 1.6 in the purely Borel setting are the Uniform Ergodic Decomposition Theorem of Farrell and Varadarajan (see Theorem 2.4), which helps us treat all G-invariant probability measures simultaneously, and the properties of compressible graphs (see §3.E), which allow us to handle the case when there are no G-invariant probability measures to begin with. In Section 4 we prove Theorem 1.17 and then use it to deduce Theorem 1.14. A key role in the derivation of Theorem 1.14 is played by the method of one-ended subforests developed by Conley, Marks, and Tucker-Drob in [CMT16] . Finally, in Section 5, we prove Theorem 1.11.
Acknowledgments.-We are very grateful to Ruiyuan (Ronnie) Chen for insightful discussions and, in particular, for drawing our attention to some of the facts concerning compressible graphs that are mentioned in §3.E.
. P r e l i m i n a r i e s
Finite sets.-For a set A, let rAs ă8 denote the set of all finite subsets of A. If X is a standard Borel space, then rXs ă8 also carries a natural standard Borel structure. One way to see this is to fix a Borel linear ordering on X (such an ordering exists since, by [Kec95, Theorem 15.6 ], X is isomorphic to a Borel subset of R) and identify rXs ă8 with the set of all strictly increasing finite sequences of elements of X. It is a useful observation that there exists a Borel map p : rXs ă8 zt∅u Ñ X such that ppSq P S for all S P rXs ă8 zt∅u; for example, for a fixed Borel linear ordering on X, the function S Þ Ñ min S works.
Graphs.-We say that a graph G is locally countable (resp. locally finite) is every vertex of G has countably (resp. finitely) many neighbors. For U Ď V pGq, N G pU q denotes the neighborhood of U in G, i.e., the set of all vertices of G that have a neighbor in U , and GrU s denotes the subgraph of G induced by U , i.e., the graph with vertex set U and edge set tpx, yq P EpGq : x, y P U u. A connected component of G is a maximal subset C Ď V pGq such that GrCs is a connected graph.
We shall use the following standard extension of Theorem 1.2:
Proposition 2.1 (ess. Kechris-Solecki-Todorcevic [KST99, Proposition 4.6]). Let G be a locally countable Borel graph such that χ B pGq ď ℵ 0 and let C be a standard Borel space of colors. Let
P ro o f. We may assume that g " ∅, otherwise passing to the subgraph GrV pGqzdompgqs and replacing L by the list assignment x Þ Ñ Lpxqztgpyq : y P N G pxq X dompgqu. Let ϑ : V pGq Ñ N be a Borel proper coloring. Fix a Borel linear ordering on C and recursively define partial L-colorings f n : ϑ´1pnq á C as follows: Set L n pxq :" Lpxqztα : there is y P N G pxq with ϑpyq ă n and f ϑpyq pyq " αu, and let f n pxq be the smallest color in L n pxq if L n pxq ‰ ∅, leaving f n pxq undefined otherwise. Then the union f :" Ť 8 n"0 f n is a Borel inclusion-maximal proper partial L-coloring of G, as desired. It is a useful observation that if f is an inclusion-maximal proper partial C-coloring of a graph G, then each vertex x P V pGqzdompf q has at least one neighbor of every color α P C and, in particular, deg G pxq ě |C|. Combining this observation with Proposition 2.1, we obtain the following: Measures.-Let X be a standard Borel space. We use ProbpXq to denote the set of all probability measures on X. We equip ProbpXq with the σ-algebra generated by the maps µ Þ Ñ µpAq, where A is a Borel subset of X; this makes ProbpXq into a standard Borel space [Kec95, §17.E].
Let G be a locally countable Borel graph. We write InvpGq to denote the set of all G-invariant probability measures on V pGq. Note that InvpGq is a Borel subset of ProbpV pGqq. (E1) for each µ P ErgpGq, the set tx P V pGq : A recoloring move is a partial map ϕ : V á C such that dompϕq is a nonempty finite set contained in a single connected component of G. The set of all recoloring moves is denoted by RM. If we view each recoloring move as a finite subset of VˆC, then RM becomes a Borel subset of rVˆCs ă8 . Given m P N`, let RM m denote the (Borel) set of all recoloring moves ϕ with |dompϕq| ď m. For M Ď RM, define dompM q :" Ť tdompϕq : ϕ P M u and µpM q :" µpdompM qq. For each x P V , there are countably many recoloring moves ϕ with dompϕq Q x; it follows from the Luzin-Novikov theorem [Kec95, Theorem 18.10 ] that dompM q is Borel for every Borel set M Ď RM.
For a proper C-coloring f of G and ϕ P RM, we define a coloring f ' ϕ : V Ñ C by the formula pf ' ϕqpxq :"
The coloring f ' ϕ is the result of applying the recoloring move ϕ to f , and we say that a recoloring move ϕ is acceptable for f if f ' ϕ is again a proper coloring of G. For each color α P C, let
In other words, δ α pf, ϕq is the change, between f and f ' ϕ, in the number of vertices of color α among the elements of dompϕq. Define the following two (disjoint) sets of colors:
D`pf, ϕq :" tα P C : δ α pf, ϕq ą 0u and D´pf, ϕq :" tα P C :
Assuming that f is µ-measurable, we say that ϕ improves f with respect to µ if (I1) ϕ is acceptable for f ; and (I2) there is α P D`pf, ϕq such that for all β P D´pf, ϕq, we have µpf´1pαqq ă µpf´1pβqq. Informally, (I2) states that some "small" color class has a net gain of vertices upon the recoloring move ϕ. Given a set M Ď RM, we say that a proper C-coloring f of G is pµ, M q-perfect if µptϕ P M : ϕ improves f with respect to µuq " 0.
The main result of this subsection is that pµ, RM 3 q-perfect colorings must be µ-equitable. In other words, if a coloring is not µ-equitable, it can be improved by a recoloring move ϕ with |dompϕq| ď 3, and, furthermore, such recoloring moves cover a subset of V of positive measure. Our proof of this fact is an adaptation of the proof of the Hajnal-Szemerédi theorem from [Kie+10] .
P ro o f. Suppose, towards a contradiction, that f is a µ-measurable proper C-coloring of G that is pµ, RM 3 q-perfect but not µ-equitable. After passing to a µ-conull G-invariant Borel subset of V , we may assume that, in fact, no recoloring move ϕ P RM 3 improves f with respect to µ.
For γ P C, let V γ :" f´1pγq be the corresponding color class. Let a :" min γPC µpV γ q and define
A :" tα P C : µpV α q " au and B :" CzA.
Since f is not µ-equitable, B ‰ ∅. Let b :" |B|´1 ř βPB µpV β q and notice that a ă 1{k ă b. Set A :" f´1pAq and B :" f´1pBq.
Claim 3.3.1. If α P A, then every vertex x P B has a neighbor in V α .
Proof. Suppose β P B and x P V β has no neighbor in V α . Consider the recoloring move ϕ :" tpx, αqu (see Figure 2) . The assumption on x ensures that ϕ is acceptable for f . Since D`pf, ϕq " tαu, D´pf, ϕq " tβu, and µpV α q ă µpV β q, we conclude that ϕ improves f with respect to µ. % Proof. Take any x P Spyq and let β :" f pxq. Suppose that y has no neighbor in V α 1 and consider the recoloring move ϕ :" tpx, αq, py, α 1 qu (see Figure 3 ). Since y is not adjacent to any vertex in V α 1 , while the only neighbor of x that is colored α is y, ϕ is acceptable for f . But D`pf, ϕq " tα 1 u, D´pf, ϕq " tβu, and µpV α 1 q ă µpV β q, so ϕ improves f with respect to µ. % Figure 3 . The recoloring move from Claim 3.3.2.
Claim 3. 3 . 3 . If y P A, then the induced subgraph GrSpyqs is a clique.
Proof. Suppose, towards a contradiction, that GrSpyqs is not a clique. This means that there are two distinct non-adjacent vertices x, x 1 P Spyq. Let α :" f pyq, β :" f pxq, and β 1 :" f px 1 q. Observe that there is a color γ ‰ α such that
Otherwise, y would have, in addition to x and x 1 , at least one neighbor in every color class V γ except for V α , which would yield deg G pyq ě 2`pk´1q " k`1 ą ∆. Now, fix any γ ‰ α satisfying (3.4) and consider the recoloring move ϕ :" tpx, αq, px 1 , αq, py, γqu (see Figure 4 ). The choice of x, x 1 , and γ implies that ϕ is acceptable for f . Since α P D`pf, ϕq, D´pf, ϕq Ď tβ, β 1 u, and µpV α q ă µpV β q, µpV β 1 q, we conclude that ϕ improves f with respect to µ. % Proof. Fix an arbitrary color α P A. Let X be the set of all vertices x P B that have a solo neighbor in V α and let Y be the set of all vertices y P V α that have a neighbor in X. By Claim 3.3.2, every vertex y P Y has at least |A|´1 " k´|B|´1 neighbors in A, and thus
This immediately yields ż
On the other hand, we have
rby the definition of X and Y s "
This, together with Claim 3.3.1, gives ż
Since µ is G-invariant, we can combine (3.7) and (3.6) to get ∆µpV α q´pk´|B|´1qµpY q ě 2µpBq´p∆´k`|B|`1qµpY q.
Recalling that µpV α q " a and µpBq " |B|b, we can rewrite the last inequality as ∆a´pk´|B|´1qµpY q ě 2|B|b´p∆´k`|B|`1qµpY q.
After moving all the terms to one side and using that b ą a, we obtain
Since 0 ď µpY q{b ă µpY q{a ď 1, at least one of the following two inequalities holds:
The second of these inequalities necessarily fails, since 2∆´2k`2 ď 2∆´2p∆`1q`2 " 0. Hence, we must have ∆´2|B| ą 0, and thus ∆ ě 2|B|`1, as desired. %
We are now ready for the final stage of the argument. At least one of the color classes V β , β P B, has measure at least b, so by taking J to be any such color class and applying Corollary 2.3 to the induced subgraph GrBs, we obtain a Borel maximal G-independent subset I Ď B such that µpIq ě b. For each x P I, let Σpxq be the set of all solo neighbors of x. Then, on the one hand,
while, on the other hand, |N G pxq X A| ď ∆´|N G pxq X B|, which yields |Σpxq| ě 2k´2|B|´∆`|N G pxq X B|.
(3.8)
Since I is G-independent, Claim 3.3.3 implies that the sets Σpxq, x P I, are pairwise disjoint. Using the fact that Ť xPI Σpxq Ď A and the G-invariance of µ, we conclude that
From (3.8), it follows that
Since I is a maximal G-independent subset of B, every vertex z P BzI has a neighbor in I, and thus
To summarize, we have µpAq ě p2k´2|B|´∆´1qµpIq`µpBq.
(3.9) Claim 3.3.4 and the inequality k ě ∆`1 yield 2k´2|B|´∆´1 ą 0. Hence, since µpIq ě b, the right-hand side of (3.9) could only decrease if we replace µpIq by b, so µpAq ě p2k´2|B|´∆´1qb`µpBq.
Using that µpBq " |B|b, µpAq " |A|a " pk´|B|qa, and b ą a, we obtain k´|B| ą p2k´2|B|´∆´1q`|B|, which after simplifying becomes k ă ∆`1. This is a contradiction, and Lemma 3.3 is proved.
Roughly speaking, our strategy now is to start with an arbitrary proper coloring f 0 and repeatedly apply to f 0 recoloring moves that improve it, producing an infinite sequence of colorings pf n q 8 n"0 . We then intend to show that this sequence converges to some "limit" coloring f 8 that cannot be improved by a recoloring move anymore (at least on a µ-conull set), and hence, by Lemma 3.3, f 8 must be µ-equitable. For this approach to work, we must argue that the "limit" coloring f 8 actually exists. This will be done using the Borel-Cantelli lemma: we will prove that ř 8 n"0 dist µ pf n , f n`1 q ă 8, which implies that the pointwise limit lim nÑ8 f n pxq exists for µ-almost every x P V . To obtain an upper bound on ř 8 n"0 dist µ pf n , f n`1 q, we will require a certain technical result (namely Lemma 3.10) that is proven in the next subsection. At this point we should note that our argument would be quite a bit simpler (and we would have no need of Lemma 3.10) if it were possible to control the recoloring process by some numerical parameter, for instance, if we could ensure that disc µ pf n`1 q ă disc µ pf n q. Unfortunately, this is not the case; the culprit is the recoloring move from Claim 3.3.3 (see Figure 4) , during which a vertex may be added to a color class (namely V γ ) that is already "too large."
3.B. Comparing distributions
Assumptions (for §3.B). Fix a finite set of colors C of size k ě 1.
As usual, for a function ω : C Ñ R, we write }ω} 1 :"
Given a pair of distributions ω and η, we define the following two (disjoint) sets of colors:
D`pω, ηq :" tα P C : ηpαq ą ωpαqu and D´pω, ηq :" tα P C : ηpαq ă ωpαqu.
Observe the similarity between this definition and (3.2). We say that η is more equitable than ω, in symbols ω Ÿ η, if there is a color α P D`pω, ηq such that for all β P D´pω, ηq, we have ηpαq ď ηpβq, and we write ω Ĳ η to mean that ω Ÿ η or ω " η. Notice that the relation Ÿ is antisymmetric and irreflexive; however, it is not transitive when k ě 3. Nevertheless, the transitive closure of Ÿ is a strict partial order on distributions, which justifies our use of the order-like symbol "Ÿ." 1 We also point out that if ηpαq " 1{k for all α P C (i.e., if η is the uniform distribution), then η is more equitable than all other distributions ω.
Lemma 3.10. Let pω n q 8 n"0 be a sequence of distributions on C such that for all n P N, ω n Ĳ ω n`1 . Suppose that there is a real number A ě 1 such that for all n P N and α P D`pω n , ω n`1 q, Let S :" tωpαq, ηpαq : α P Cu. Note that the set S is finite. We shall argue that for each x P RzS, the number of colors α with x P I α is not less than the number of indices i with x P J i ; in view of (3.11), this immediately yields the claim. Take any x P RzS and define τ pxq :" |tα P C : ωpαq ă xu| and σpxq :" |tα P C : ηpαq ă xu|.
Then x is in precisely |τ pxq´σpxq| of the intervals J i , 1 ď i ď k. On the other hand, if τ pxq ě σpxq, then there are at least τ pxq´σpxq colors α with ωpαq ă x ă ηpαq, while if σpxq ě τ pxq, then there are at least σpxq´τ pxq colors α with ηpαq ă x ă ωpαq. In either case, x belongs to at least |τ pxq´σpxq| of the intervals I α , α P C, and hence we are done. %
The proof of Lemma 3.10 rests on the following key observation:
Claim 3. 10 . 2 . Suppose that ω and η are distributions on C and ω Ÿ η. Then there is an index such that ω˚piq ď η˚piq for all 1 ď i ď and there is a color α P D`pω, ηq with
Proof. Let α P D`pω, ηq be such that for all β P D´pω, ηq, we have ηpαq ď ηpβq, and let be the least index such that η˚p q " ηpαq. We claim that this choice of and α works.
To begin with, fix a bijection t1, . . . , ku Ñ C : i Þ Ñ α i such that η˚piq " ηpα i q for all 1 ď i ď k, and α " α. Consider any 1 ď i ď . We have ηpα i q " η˚piq ď η˚p q, where equality holds if and only if i " . By the choice of α, this yields α i R D´pω, ηq, and therefore ωpα i q ď ηpα i q " η˚piq. Thus, there are at least i colors-namely α 1 , . . . , α i -at which the value of ω does not exceed η˚piq. But this precisely means that η˚piq ě ω˚piq, as desired.
Next, we prove (3.12). Let 1 ď t ď be the largest index such that ω˚ptq ď ωpαq (such t exists as ω˚p1q ď ωpαq). We claim that if t ă s ď , then ω˚psq ď η˚ps´1q. Indeed, suppose, towards a contradiction, that ω˚psq ą η˚ps´1q. Then ω˚ps´1q ď η˚ps´1q ă ω˚psq, meaning that the only colors at which the value of ω is at most η˚ps´1q are α 1 , . . . , α s´1 . Since α " α is not among them, ωpαq ě ω˚psq, contradicting the choice of t and the fact that s ą t. Now we can write Now let pω n q 8 n"0 be as in the statement of Lemma 3.10. Define S n p q :" ř i"1 ωnpiq for each n P N and 1 ď ď k. Let R :" tn P N : ω n ‰ ω n`1 u. Claim 3.10.2 shows that for every n P R, there exist an index n and a color α n P D`pω, ηq such that ωnpiq ď ωn`1piq for all 1 ď i ď n , and also S n`1 p n q´S n p n q ě ω n`1 pα n q´ω n pα n q ě A´1¨}ω n`1´ωn } 1 .
(3.13)
For each , let R :" tn P R : n " u and R ă :" tn P R : n ă u "
Once inequality (3.14) is proved, we obtain, using (3.13), that
as desired. To prove (3.14), we use induction on , so suppose that (3.14) holds with replaced by any 1 ď i ă . Notice that S n p q ď {k for all n P N; also, if n ě , then S n`1 p q ě S n p q. Hence,
Using (3.13) and the inductive hypothesis, we get
and the proof is complete.
3.C. Perfecting a coloring
Assumptions (for §3.C). Fix an aperiodic Borel graph G of finite maximum degree ∆ with vertex set V and edge set E and a finite set of colors C of size k ě ∆`1.
Let f : V Ñ C be a Borel coloring. Given a probability measure µ on V , f gives rise to the pushforward distribution f˚pµq on C defined by f˚pµqpαq :" µpf´1pαqq. Note that discpf˚pµqq " disc µ pf q.
Lemma 3. 15 . If µ is a probability measure on V and f , g : V Ñ C are µ-measurable, then }f˚pµq´g˚pµq} 1 ď 2¨dist µ pf, gq. 
Starting with a Borel proper C-coloring f , we wish to apply recoloring moves in order to make the distribution f˚pµq more equitable. Since applying a single recoloring move changes f only on a finite set of vertices, we have to be able to apply infinitely many recoloring moves simultaneously, but we must take care that the moves do not interfere with each other. Say that a set M Ď RM is G-separated if for every two distinct recoloring moves ϕ, ϕ 1 P M , (S1) dompϕq X dompϕ 1 q " ∅; and (S2) there are no edges in G between dompϕq and dompϕ 1 q.
In other words, f ' M is the result of simultaneously applying every recoloring move ϕ P M . This is well-defined by (S1). Notice that if every recoloring move ϕ P M is acceptable for f , then f ' M is a proper coloring of G by (S2).
To better control the properties of f ' M , it is convenient to assume that the recoloring moves in M are somewhat similar to each other. Specifically, given a Borel proper C-coloring f of G, an integer m P N`, and disjoint nonempty sets D`, D´Ď C, let RM m pf ; D`, D´q denote the set of all recoloring moves ϕ P RM m such that ϕ is acceptable for f and D`pf, ϕq " D`and D´pf, ϕq :" D´.
, D´q is a Borel G-separated subset and µ is a G-invariant probability measure on V , then either µpM q " 0, or else, 
P ro o f. Since each ϕ P M has finite domain, there is a Borel function p : M Ñ V such that ppϕq P dompϕq for every ϕ P M (see §2). Set P :" imppq. Note that P is Borel, as it is the image of a Borel set under an injective Borel function [Kec95, Corollary 15.2]. Since for each ϕ P M , |dompϕq X P | " 1 and |dompϕq| ď m, and since µ is G-invariant, we conclude that µpP q ě µpM q{m.
For each x P P , let ϕ x P M be the unique recoloring move such that ppϕ x q " x. The G-invariance of µ yields that for each α P C,
where δ α pf, ϕq is defined in (3.1). Crucially, M Ď RM m pf ; D`, D´q, which means that δ α pf, ϕq ě 1 for all α P D`and ϕ P M . Hence, for any α P D`, we can write
The next lemma is the main result of this subsection. 
Now let µ be a G-invariant probability measure. Observe the following facts:
‚ For each α P D`, the function t Þ Ñ µpf´1 t pαqq is nondecreasing.
‚ For each β P D´, the function t Þ Ñ µpf´1 t pβqq is nonincreasing.
‚ For each γ P CzpD`Y D´q, the function t Þ Ñ µpf´1 t pγqq is constant. Furthermore, since µ is atomless, we have:
‚ For each γ P C, the function t Þ Ñ µpf´1pγqq is continuous. By definition, f˚pµq Ĳ pf t q˚pµq if and only if either f˚pµq " pf t q˚pµq, or there is α P D`such that µ`f´1 t pαq˘ď µ`f´1 t pβq˘for all β P D´.
This shows that the set of all t P R ě0 Y t8u such that f˚pµq Ĳ pf t q˚pµq is closed. Hence, if we let T pµq :" suptt P R ě0 Y t8u : f˚pµq Ĳ pf t q˚pµqu and
then f˚pµq Ĳ pg µ q˚pµq. Also, by Lemma 3.16, statements (P1) and (P2) hold with g µ is place of g.
Proof. We will show that, in fact, there is no recoloring move ϕ P M that improves g µ . Indeed, suppose that ϕ P M improves g µ . Then ϕ R M T pµq , as otherwise we would have ϕ Ď g µ . In particular, this means that T pµq ă 8. Since ϕ improves g µ , we can fix α P D`such that
The functions t Þ Ñ µpf´1 t pγqq, γ P C, are continuous, so there is some ε ą 0 satisfying
This is a contradiction with the choice of T pµq. %
The above observations show that, with respect to the measure µ, statements (P1)-(P4) hold with g µ in place of g. To handle all ergodic G-invariant probability measures at once, we use the Uniform Ergodic Decomposition Theorem. The statement of the lemma is vacuous if ErgpGq " ∅, so assume that ErgpGq ‰ ∅ and let V Ñ ErgpGq : x Þ Ñ µ x be a G-invariant Borel surjection given by Theorem 2. 4 . Notice that, due to [Kec95, Theorem 17.25 
3.D. Equitability with respect to all measures
k`1¨d isc µ pf q.
P ro o f. In view of the Uniform Ergodic Decomposition Theorem (specifically, Theorem 2.4(E2)), it suffices to find a Borel proper C-coloring g that satisfies the conclusion of the lemma for every ergodic G-invariant probability measure µ. We start by partitioning RM into countably many Borel G-separated sets.
Claim 3.18.1. There is a Borel function c : RM Ñ N such that for each r P N, c´1prq is G-separated.
Proof. It will be more convenient to construct a Borel function c : RM Ñ N 2 such that for each pair pr 0 , r 1 q P N 2 , c´1pr 0 , r 1 q is G-separated; this is sufficient as the set N 2 is countable. With a slight (but standard) abuse of notation, let rGs ă8 denote the set of all S P rV s ă8 such that every two elements of S are joined by a path in G. 
Then we can let cpϕq :" pc 0 pϕq, c 1 pϕqq. %
Now we recursively construct a sequence of Borel proper C-colorings f n , n P N, as follows. Fix a Borel function c : RM Ñ N as in 3.18.1. Let pr n , Dǹ , Dń q nPN be a sequence of triples such that:
(R1) for all n P N, r n P N and Dǹ , Dń are disjoint nonempty subsets of C; and (R2) every triple pr, D`, D´q as in (R1) appears in the sequence pr n , Dǹ , Dń q nPN infinitely often. Set f 0 :" f . Once f n is defined, let M n :" RM 3 pf n ; Dǹ , Dń q X c´1pr n q.
Intersecting with c´1pr n q ensures that M n is G-separated, so we can apply Lemma 3.17 with f n , 3, Dǹ , Dń , and M n in place of f, m, D`, D´, and M, in order to obtain a Borel proper C-coloring f n`1 such that for each µ P ErgpGq: (P1) dist µ pf n , f n`1 q ď 3¨}pf n q˚pµq´pf n`1 q˚pµq} 1 ; (P2) for all α P D`ppf n q˚pµq, pf n`1 q˚pµqq, we have }pf n q˚pµq´pf n`1 q˚pµq} 1 ď 6¨pµpf´1 n`1 pαqq´µpf´1 n pαqqq; (P3) pf n q˚pµq Ĳ pf n`1 q˚pµq; and (P4) f n`1 is pµ, M n q-perfect. Define a Borel partial C-coloring f 8 : V á C via the pointwise limit
Since each f n is a proper coloring, f 8 is also proper, and since k ě ∆`1, we can extend f 8 to a Borel proper C-coloring g using Corollary 2.2. We claim that this g is as desired.
To begin with, notice that conditions (P1), (P2), and (P3) enable us to apply Lemma 3.10 to the sequence ppf n q˚pµqq nPN with A " 6 and conclude that, for every µ P ErgpGq,
By the Borel-Cantelli lemma, this implies that f 8 is defined for µ-almost every x P V ; furthermore,
(For simplicity, we bound the latter expression by 7 k`1¨d isc µ pf q in the statement of the lemma.) It remains to show that g is µ-equitable for every µ P ErgpGq.
From this point on, we fix an ergodic G-invariant probability measure µ. After passing to a µ-conull G-invariant Borel subset of V , we may assume that g " f 8 . Suppose, towards a contradiction, that g is not µ-equitable. Then, by Lemma 3.3, g is not pµ, RM 3 q-perfect, i.e., µ ptϕ P RM 3 : ϕ improves g with respect to µuq ą 0.
As there are only countably many triples pr, D`, D´q with r P N and D`, D´Ď C disjoint and nonempty, we can choose pr, D`, D´q so that µ`tϕ P RM 3 pg; D`, D´q X c´1prq : ϕ improves g with respect to µu˘ą 0.
(3.19) Claim 3. 18 .2. If ϕ P RM 3 pg; D`, D´q, then, for all sufficiently large n P N: (a) ϕ P RM 3 pf n ; D`, D´q; (b) if ϕ improves g with respect to µ, then ϕ also improves f n with respect to µ.
Proof. (a)
This statement is implied by the fact that for all sufficiently large n P N, f n and g agree on dompϕq Y N G pdompϕqq (since, by our assumption, g " f 8 ).
(b) This follows from (a) and the observation that if α, β P C are such that µpg´1pαqq ă µpg´1pβqq, then µpf´1 n pαqq ă µpf´1 n pβqq for all large enough n P N. % Claim 3.18.2 and (3.19) together show that there is n 0 P N such that for all n ě n 0 , µ`tϕ P RM 3 pf n ; D`, D´q X c´1prq : ϕ improves f n with respect to µu˘ą 0.
This precisely means that for all n ě n 0 , f n is not pµ, RM 3 pf n ; D`, D´q X c´1prqq-perfect.
But this is a contradiction as there is n ě n 0 with pr n , Dǹ , Dń q " pr, D`, D´q, so
and f n`1 is pµ, M n q-perfect by (P4).
3.E. Compressible graphs
In this subsection we consider the case when G is a Borel graph without any G-invariant probability measures; this situation is complementary to the one in Lemma 3. 18 . We begin by assembling some basic facts about such graphs. Throughout §3.E, G denotes a locally countable Borel graph. A (not necessarily finite) measure ν on a subset U Ď V pGq is G-invariant if νpAq " νpBq whenever A, B Ď U and A « G B. Note that G-invariance for a measure ν on U Ď V pGq is in general stronger than GrU s-invariance. There is a useful combinatorial characterization, due to Nadkarni [Nad90] and subsequently generalized by Becker and Kechris [BK96, Chapter 4], of Borel sets U Ď V pGq that do not support G-invariant probability measures, which we shall state after a few definitions. The G-saturation of a subset U Ď V pGq, denoted by rU s G , is the union of all connected components of G that intersect U . Observe that if A, B Ď V pGq are Borel subsets such that A « G B, then rAs G " rBs G . Since G is locally countable, the Luzin-Novikov theorem [Kec95, Theorem 18.10] implies that G-saturations of Borel sets are Borel. A Borel set U Ď V pGq is
Theorem 3.20 (ess. Nadkarni [Nad90]). Let G be a locally countable Borel graph and let U Ď V pGq be a Borel subset. The following statements are equivalent:
there is a G-invariant probability measure ν on U ; (iv) there is a G-invariant measure µ on V pGq with 0 ă µpU q ă 8. For compressible graphs G, the relation « G can be understood quite well; for instance, Chen [Che18] showed that if G is compressible, the set of all « G -equivalence classes of Borel subsets of V pGq forms a cardinal algebra in the sense of Tarski [Tar49] . We will make use of the following: (i) f is Borel-equitable; (ii) for every color α, f´1pαq « G V pGq; (iii) for every color α, rf´1pαqs G " V pGq and f´1pαq is G-compressible. This shows that f´1pαq is G-compressible by Theorem 3.20.
Proposition 3.21 ([DJK94, Proposition 2.2]). Let G be a locally countable Borel graph and let
In addition to the equivalence relation « G , it is useful to consider the preorder ď G , defined as follows: Given Borel sets A, B Ď V pGq, we write A ď G B (or, equivalently, B ě G A) 
Corollary 3.25. Let G be a locally countable Borel graph and let A, B Ď V pGq be Borel sets.
If µpAq " µpBq for all µ P ErgpGq, then there is a partition
P ro o f. Let V pGq " V ă \V « \V ą be a partition given by Proposition 3.24 applied to A and B. Then for every ergodic G-invariant probability measure µ on V pGq, we have µpAq " µpBq ðñ µpV « q " 1. Therefore, µpV ă Y V ą q " 0 for all µ P ErgpGq. By Theorems 2.4 and 3.20, this implies that the set
Corollary 3.26. Let G be a compressible locally countable Borel graph. Suppose that
P ro o f. Without loss of generality, we may assume that U 0 Y U 1 " V pGq. From Proposition 3.24 we obtain a partition V pGq " V 0 \ V 1 of V pGq into two G-invariant Borel sets such that
We claim that these V 0 , V 1 are as desired. Suppose that, say,
By Proposition 3.21, the set U 0 X V 0 must be not G-compressible, so let µ be a G-invariant measure on V pGq such that 0 ă µpU 0 X V 0 q ă 8.
contradicting the G-compressibility of V 0 .
Lemma 3.27. Let G be a compressible Borel graph of finite maximum degree. Let I, J Ď V pGq be disjoint Borel G-independent sets and suppose that I « G V pGq. Then there exist disjoint Borel G-independent sets I 1 and J 1 such that
P ro o f. Applying Corollary 3.26 with IzN G pJq and I X N G pJq in place of U 0 and U 1 , we obtain a partition V pGq " V 0 \ V 1 of V pGq into two G-invariant Borel sets such that
Since we can treat the induced subgraphs GrV 0 s and GrV 1 s separately, we may assume that either V 0 " V pGq or V 1 " V pGq. Now we consider the two cases. If V 0 " V pGq and IzN G pJq « G V pGq, then, by Theorem 3.20, the set IzN G pJq is G-paradoxical, so there is a partition IzN G pJq " I 0 \ I 1 of I into two Borel sets satisfying I 0 « G I 1 « G V pGq. This allows us to set I 1 :" IzI 1 " pI X N G pJqq Y I 0 and J 1 :" J Y I 1 .
On the other hand, if V 1 " V pGq and I X N G pJq « G V pGq, then J « G V pGq by Corollary 3.22, and hence we can simply take I 1 :" I and J 1 :" J.
We are now ready to state and prove the main result of this subsection: Theorem 3.28. Let G be a compressible Borel graph of finite maximum degree. If χ B pGq ď k, then G has a Borel-equitable k-coloring.
P ro o f. Let C be a k-element set of colors and let f : V pGq Ñ C be a Borel proper coloring of G. In follows from Corollary 3.26 that there is a partition V pGq "
As we can deal with the induced subgraphs GrV α s individually, we may assume that V pGq " V α for some α P C and thus f´1pαq « G V pGq. Theorem 3.28 then follows through a sequence of k´1 applications of Lemma 3.27.
We remark, incidentally, that the conclusion of Theorem 3.28 may fail if the finite maximum degree assumption is replaced by local finiteness; the reason is that in a locally finite graph G, a set that is not G-compressible can still have a G-compressible neighborhood (in contrast to Corollary 3.22). We sketch a counterexample below. Take any aperiodic locally finite Borel graph G such that |ErgpGq| " 1 (such graphs are called uniquely ergodic) and let µ be the unique ergodic G-invariant probability measure on V pGq. Then µ is atomless, so we can partition V pGq as V pGq " Ů 8 n"1 V n , where each V n is a Borel set with µpV n q " 2´n. For each x P V pGq, let npxq P N`denote the index such that x P V npxq , and let H be the graph with vertex set
in which two vertices px, iq and py, jq are adjacent if and only if y P txu Y N G pxq and exactly one of i and j is equal to 1. It is clear that H is locally finite, and, owing to the fact that
it is not hard to see that H is compressible. Furthermore, H has a Borel proper 2-coloring, namely the function V pHq Ñ t1, 2u : px, iq Þ Ñ minti, 2u. Nevertheless, we claim that in every Borel proper 2-coloring of H, one of the color classes must be not H-compressible (and hence, by Corollary 3.23, such a coloring cannot be Borel-equitable). Indeed, let f : V pHq Ñ t1, 2u be a Borel proper 2-coloring of H. If U Ď V pHq is a connected component of H, then f must assign the same color to every vertex in U X pV pGqˆt1uq (since any two such vertices are joined by a path of even length in H).
In other words, the function V pGq Ñ t1, 2u : x Þ Ñ f px, 1q is G-invariant. Since the measure µ is ergodic, there is a color α such that f px, 1q " α for a µ-conull set of x P V pGq. But this means that the pushforward of µ under the map V pGq Ñ V pHq : x Þ Ñ px, 1q is an H-invariant probability measure on f´1pαq, showing that the color class f´1pαq is not H-compressible.
3.F. Finishing the proof of Theorem 1.6
We are now in a position to complete the proof of Theorem 1. 6 . Fix an aperiodic Borel graph G of finite maximum degree ∆ with vertex set V and edge set E and a finite set of colors C of size k ě ∆`1. Let f : V Ñ C be a Borel proper coloring of G. By Lemma 3.18, there exists a Borel proper coloring h : V Ñ C such that for all µ P InvpGq, h is µ-equitable and dist µ pf, hq ď 7 k`1¨d isc µ pf q.
By applying Corollary 3.25 to each pair of color classes of h and using the fact that finite (and even countable) unions of G-compressible sets are G-compressible, we obtain a partition V " V 0 \ V 1 of V into two G-invariant Borel subsets such that:
‚ the sets h´1pαq X V 0 , α P C are pairwise G-equidecomposable; and ‚ the set V 1 is G-compressible. By Theorem 3.28, the graph GrV 1 s has a Borel-equitable coloring
Then g is a Borel-equitable k-coloring of G such that for each µ P InvpGq,
and the proof of Theorem 1.6 is complete.
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4.A. Domination for list coloring
In this subsection, we prove Theorem 1.17. Our strategy is to reduce Theorem 1.17, through a series of auxiliary lemmas, to Theorem 1.13.
Lemma 4.1. Let G be a connected finite graph and let L be a degree-list assignment for G. Suppose that g is a partial proper L-coloring of G. Then for each vertex u P V pGq, G has a partial proper L-coloring f with dompf q Ě V pGqztuu and f ě g.
P ro o f. Suppose, towards a contradiction, that the tuple pG, L, g, uq forms a counterexample that minimizes |V pGq|. Then clearly |V pGq| ě 2. Without loss of generality, we may assume that the partial proper L-coloring g is inclusion-maximal. This means that for each x P V pGqzdompgq, every color in Lpxq is assigned by g to some neighbor of x. Since |Lpxq| ě deg G pxq, we conclude that N G pxq Ď dompgq and for each α P Lpxq, there is exactly one y P N G pxq with gpyq " α.
Consider now an arbitrary vertex z P V pGqztuu such that the subgraph G´z is connected (for example, if T is a spanning subtree of G, then any leaf of T distinct from u is such). If z R dompgq, then pick any vertex y P N G pzq. Since y is the unique neighbor of z with the color gpyq, we may replace g by the partial coloring g˚with domain pdompgqztyuq Y tzu defined by g˚pxq :"
Therefore, we may assume that z P dompgq. Let g 1 be the restriction of g onto dompgq X pV pGqztzuq.
For each x P V pGqztzu, define
Then L 1 is a degree-list assignment for G´z and g 1 is a partial proper L 1 -coloring. By the minimality of |V pGq|, G´z has a partial proper L 1 -coloring f 1 such that dompf q Ě V pGqztz, uu and f 1 ě g 1 . But then the partial coloring f :" f 1 Y tpz, gpzqqu satisfies the conclusion of the lemma.
Lemma 4.2. Let G be a connected finite graph and let L be a degree-list assignment for G. Suppose that g is a partial proper L-coloring of G. If G has no proper L-coloring f with f ě g, then |Lpxq| " deg G pxq for all x P V pGq.
P ro o f. Suppose that x P V pGq satisfies |Lpxq| ě deg G pxq`1. Due to Lemma 4.1, we may assume that dompgq " V pGqztxu. Then there is a color in Lpxq that is not assigned by g to any of the neighbors of x, and hence g can be extended to a proper L-coloring of G; a contradiction.
Lemma 4.3. Let G be a connected finite graph without a cut-vertex and let L be a degree-list assignment for G. Suppose that g is a partial proper L-coloring of G. If G has no proper L-coloring f with f ě g, then all the lists Lpxq, x P V pGq, are equal to each other.
P ro o f. The statement is vacuous if |V pGq| ď 1, so assume that |V pGq| ě 2. Since G is connected, it suffices to show that Lpxq " Lpyq whenever x and y are adjacent. Suppose, towards a contradiction, that x and y are adjacent vertices and β P LpxqzLpyq. Due to Lemma 4.1, we may assume that dompgq " V pGqztxu. Since |Lpxq| ě deg G pxq and g cannot be extended to a proper L-coloring of G, every color in Lpxq is assigned by g to a single neighbor of x. In particular, there is a unique vertex z P N G pxq with gpzq " β. Note that z ‰ y since β R Lpyq.
Let g 1 be the restriction of g onto dompgq X pV pGqztx, zuq. For each u P V pGqztxu, define
Then L 1 is a degree-list assignment for G´x and g 1 is a partial proper L 1 -coloring. Furthermore, since β R Lpyq, we have |L 1 pyq| ě deg G´x pyq`1. Since G has no cut-vertices, the graph G´x is connected, so we may apply Lemma 4.2 to conclude that G´x has a proper L 1 -coloring f 1 such that
We are ready to finish the proof of Theorem 1.17. Let G be a connected finite graph that is not a Gallai tree and let L be a degree-list assignment for G. Let g be a partial proper L-coloring of G and suppose, towards a contradiction, that G has no proper L-coloring f with f ě g. Since G is not a Gallai tree, G has a block that is neither a clique nor an odd cycle. Let U Ď V pGq be the vertex set of such a block and fix any u P U . Due to Lemma 4.1, we may assume that dompgq " V pGqztuu and then replace G by GrU s, g by its restriction to U , and L by the list assignment L 1 pxq :" Lpxqztgpyq : y P N G pxqzU u. In this way we arrange that G is a graph without cut-vertices that is neither a clique nor an odd cycle. Let ∆ be the maximum degree of G. By Lemma 4.3, all the lists Lpxq, x P V pGq, are the same, and, by Lemma 4.2, they all have size ∆. Hence, if ∆ ě 3, then we are done by Theorem 1. 13 . On the other hand, if ∆ ď 2, then G must be an even cycle. In that case, since g is a proper 2-coloring of the even path G´u, the neighbors of u are colored the same by g, so g can be extended to a proper 2-coloring of G.
4.B. One-ended subforests and measurable domination
Given a function ϕ, we say that a sequence x 0 , x 1 , . . . is ϕ-descending if ϕpx n`1 q " x n for all n P N. A function ϕ is one-ended if there is no infinite ϕ-descending sequence. Let G be a locally finite graph. Given a set A Ď V pGq, an A-one-ended subforest of G is a one-ended function ϕ : V pGqzA Ñ V pGq such that each x P V pGqzA is adjacent to ϕpxq in G. The word "subforest" is used here because if ϕ is an A-one-ended subforest of G, then the graph with vertex set V pGq and edges joining each x P V pGqzA to ϕpxq is an acyclic subgraph of G. Given an A-one-ended subforest ϕ of G, we define the ϕ-height of a vertex x P V pGq, in symbols h ϕ pxq, to be the greatest n P N such that x P impϕ n q (such n exists since ϕ is one-ended and G is locally finite). By definition, h ϕ pxq " 0 if and only if x R impϕq. Note that h ϕ pϕpxqq ą h ϕ pxq for all x P V pGqzA.
Conley, Marks, and Tucker-Drob developed the technique of one-ended subforests in order to prove a measurable version of Brooks's theorem [CMT16] (see Theorem 1.10). In particular, they showed that if G is a Borel graph of finite maximum degree ∆ and A Ď V pGq is a Borel set such that G has a Borel A-one-ended subforest, then G has a Borel proper partial ∆-coloring f with dompf q Ě V pGqzA [CMT16, Lemma 3.9]. We strengthen this result by adding a domination requirement on f . Recall from §3.E that, given Borel sets A, B Ď V pGq, we write A ď G B (or, equivalently, B ě G A) -dominates g, in symbols f ě G g, if f´1pαq ě G g´1pαq for every color α. Note that if f ě G g, then f ě µ g for every G-invariant probability measure µ on V pGq.
Lemma 4.4. Let G be a Borel graph of finite maximum degree ∆ and let A Ď V pGq be a Borel set such that G has a Borel A-one-ended subforest. If g is a Borel proper partial ∆-coloring of G, then G has a Borel proper partial ∆-coloring f with dompf q Ě V pGqzA and f ě G g.
Let C be a set of colors of size ∆ and let g be a Borel proper partial C-coloring of G. We recursively construct a sequence of Borel proper partial C-colorings pf n q 8 n"0 as follows. Set f 0 :" g. Once f n is defined, let f 1 n Ě f n be an arbitrary Borel inclusion-maximal proper partial C-coloring (such f 1 n exists by Proposition 2.1). Then for each x P V pGqzdompf 1 n q, we have N G pxq Ď dompf 1 n q and, for every α P C, there is precisely one y P N G pxq with f 1 n pyq " α. Hence, we may define f n`1 : V pGq á C by f n`1 pxq :"
Observe that for each n P N, the following statements are valid: (D1) if x P V ăn X dompf n q, then f m pxq " f n pxq for all m ě n; (D2) dompf n q Ě V ăn zA; and (D3) for each color α P C and every vertex y P f´1 n pαqzf´1 n`1 pαq, there is x P f´1 n`1 pαqzpA Y f´1 n pαqq such that h ϕ pxq " n and ϕpxq " y. The pointwise limit f pxq :" lim nÑ8 f n pxq is a proper partial C-coloring of G, and it follows from (D1) and (D2) that dompf q Ě V pGqzA. It remains to show that f ě G g. To this end, let X :" tx P dompgq : f n pxq " gpxq for all n P Nu, and define a function ψ : V pGq Ñ V pGq by setting ψpxq :"
We claim that ψpf´1pαqq Ě g´1pαq for every α P C, which implies that f ě G g since the function ψ has a Borel right inverse by the Luzin-Novikov theorem [Kec95, Theorem 18.10]. Let α P C and consider any y P g´1pαq. If y P X, then y P f´1pαq and y " ψpyq. Otherwise, there is n P N such that y P f´1 n pαqzf´1 n`1 pαq, and, by (D3), there is x P f´1 n`1 pαqzpA Y f´1 n pαqq with h ϕ pxq " n and ϕpxq " y. Then x P f´1pαq by (D1) and y " ψpxq. Then L is a degree-list assignment for the induced subgraph GrAs. For S P I, let g S : S á C denote the restriction of g to S, so g S is a proper partial L-coloring of GrSs. Since GrSs is a connected finite graph that is not a Gallai tree, by Theorem 1.17, GrSs admits a proper L-coloring f S : S Ñ C with f S ě g S . Furthermore, since there are only finitely many candidates for such f S , the mapping S Þ Ñ f S can be arranged to be Borel. Now we can define a Borel proper coloring f with f ě G g by f pxq :"
(Since I is H-independent, the coloring f is indeed well-defined and proper.)
To deal with graphs whose components are Gallai trees, we need another result of Conley, Marks, and Tucker-Drob. For a graph G, let icpGq denote the number of infinite connected components of G if it is finite, and 8 otherwise. The number of ends of a connected locally finite graph G is endspGq :" supticpGrV pGqzSsq : S P rV pGqs ă8 u.
If endspGq " k, then we say that G is k-ended. Note that endspGq " 0 is and only if G is finite. . Let G be a locally finite Borel graph and let µ be a probability measure on V pGq. Suppose that every connected component C Ď V pGq of G has the following properties:
‚ GrCs is a Gallai tree; and ‚ endspGrCsq R t0, 2u. Then there is a µ-conull G-invariant Borel subset U Ď V pGq such that the induced subgraph GrU s has a Borel ∅-one-ended subforest.
We are now ready to prove Theorem 1.14. ‚ every connected component of GrV 0 s has a vertex of degree less than ∆; ‚ every vertex of GrV 1 s has degree ∆ and no component of GrV 1 s is a Gallai tree; ‚ every vertex of GrV 2 s has degree ∆ and every component of GrV 2 s is a Gallai tree. For each i P t0, 1, 2u, let g i denote the restriction of g i to V i . By Corollary 4.6, there exist Borel proper ∆-colorings f 0 and f 1 of GrV 0 s and GrV 1 s respectively such that f 0 ě G g 0 and f 1 ě G g 1 . Now consider the graph GrV 2 s. Recall that a locally finite graph is regular if all its vertices have the same degree (so the graph GrV 2 s is regular). Observe that the only regular 0-ended Gallai trees are cliques and odd cycles, while the only regular 2-ended Gallai trees are two-way infinite paths. This implies that, since ∆ ě 3 and G does not contain a clique on ∆`1 vertices, endspGrCsq R t0, 2u for every connected component C of GrV 2 s. By Theorem 4.7, after discarding a µ-null G-invariant Borel set, we may assume that GrV 2 s admits a Borel ∅-one-ended subforest. Hence, by Lemma 4.4, there is a Borel proper ∆-coloring f 2 of GrV 2 s with f 2 ě G g 2 . Then f :" f 0 Y f 1 Y f 2 is a Borel proper ∆-coloring of G with f ě G g (and hence also f ě µ g), and we are done.
. E q u i ta b l e ∆-c o l o r i n g s
5.A. Preliminary lemmas
In this section we prove Theorem 1.11. Our argument is analogous to the proof of Theorem 1.9 in [KN05] , modulo the changes necessary to adapt it to the measurable setting. In particular, the Hajnal-Szemerédi theorem and Theorem 1.13 are replaced by Theorems 1.5 and 1.14, respectively. (In fact, some of the final calculations presented in §5.B end up being somewhat simpler than the corresponding calculations in [KN05] . ) We start by collecting a few preliminary results. First, we need a version of Theorem 1.5 for graphs that may have finite components: Lemma 5.1. Let G be a Borel graph of finite maximum degree ∆ and let µ be an atomless G-invariant probability measure on V pGq. If k ě ∆`1, then G has a µ-equitable k-coloring.
P ro o f. Let U Ď V pGq be the union of all the infinite components of G. Then U is a G-invariant Borel set, and, by Theorem 1.5, GrU s has a Borel-equitable k-coloring. If µpU q " 1, then we are done, so assume that µpU q ă 1. Then, upon passing to the subgraph GrV pGqzU s and scaling µ appropriately, we may assume that every component of G is finite.
Let C be a set of colors of size k. By Theorem 1.2, G has a Borel proper C-coloring g. For each function ϑ : C Ñ N, let V ϑ Ď V pGq be the union of all the components C of G satisfying |tx P C : gpxq " αu| " ϑpαq for all α P C.
Then V pGq " Ů tV ϑ : ϑ : C Ñ Nu is a partition of G into countably many G-invariant Borel sets. Again, whenever µpV ϑ q ‰ 0, we may pass to the subgraph GrV ϑ s and scale µ appropriately, thus reducing the situation to the case when V pGq " V ϑ for some fixed ϑ : C Ñ N. Let SympCq denote the set of all bijections C Ñ C. Since µ is atomless and every component of G is finite, we can partition V pGq into Borel G-invariant sets as V pGq " Ů tV π : π P SympCqu so that µpV π q " 1{k! for all π P SympCq. Then the coloring f that sends each x P V π to pπ˝gqpxq is µ-equitable.
To state our next lemma we need to introduce some terminology. Let G be a Borel graph of finite maximum degree and let µ be a G-invariant probability measure on V pGq. Given a Borel subset X Ď V pGq, we define the cost of X relative to G and µ by the formula
Intuitively, C µ pG; Xq represents the "normalized" number of edges of G incident to a vertex in X; the second summand in (5.2) is halved since the edges joining two vertices of X are counted twice.
In particular, we have
Lemma 5.4. Let G be a Borel graph of finite maximum degree and let µ be a G-invariant probability measure on V pGq. Then, for each real number t ě 0, there exists a Borel subset X Ď V pGq with the following properties: (X1) deg G pyq ă 2t for all y P V pGqzX; (X2) |N G pyqzX| ă t for all y P V pGqzX; and (X3) C µ pG; X 1 q ě tµpX 1 q for every Borel set X 1 Ď X.
P ro o f. By Theorem 1.2, χ B pGq is finite, so fix a Borel proper coloring c : V pGq Ñ t0, . . . , k´1u for some k P N`. Recursively construct Borel sets X r , 0 ď r ď k, as follows: Set
and, once X r is defined for some 0 ď r ă k, let
We claim that the set X :" X k is as desired. Condition (X1) is a consequence of the definition of X 0 . To show (X2), suppose that y P V pGqzX satisfies |N G pyqzX| ě t and let r :" cpyq. Then |N G pyqzX r | ě |N G pyqzX| ě t and hence y P Y r . But then y P Y r X c´1prq " I r Ď X; a contradiction. It remains to verify (X3). Let X 1 Ď X be a Borel subset. For each 0 ď r ă k, let X 1 r :" X 1 X X r and I 1 r :" X 1 X I r . By repeatedly applying (5.3), we obtain
From (5.2) and the definition of X 0 , it follows that
Therefore, we have
Putting everything together, we obtain the desired inequality
We need one more technical lemma:
Lemma 5.5. Let G be a locally finite Borel graph and let µ be an atomless G-invariant probability measure on V pGq. Let C be a finite set of colors and let f be a Borel proper C-coloring of G. Then, for every Borel set X Ď V pGq, there is a Borel proper C-coloring g of G such that: (P1) gpxq " f pxq for all x P X; and (P2) for all α, β P C, if µpg´1pαqq ă µpg´1pβqq, then µpty P g´1pβqzX : N G pyq X g´1pαq " ∅uq " 0.
P ro o f. This is a (significantly simpler) variant of the proof of Lemma 3.18. Let pr n , α n , β n q nPN be a sequence of triples such that: (R1) for all n P N, r n P N and α n , β n P C are distinct colors; and (R2) every triple pr, α, βq as in (R1) appears in the sequence pr n , α n , β n q nPN infinitely often. Fix a Borel proper coloring c : V pGq Ñ N of G (for instance, we could take c " f ). Recursively construct Borel proper C-colorings f n , n P N, as follows. Set f 0 :" f . Once f n is defined, let A n :" ty P f´1 n pβ n qzX : N G pyq X f´1 n pα n q " ∅u X c´1pr n q.
Define a subset B n Ď A n by considering two cases: If µpf´1 n pα n qq`µpA n q ď µpf´1 n pβ n qq´µpA n q, then let B n :" A n ; otherwise, let B n be an arbitrary Borel subset of A n with µpB n q " max
(Such B n exists since µ is atomless.) Notice that we always have µpf´1 n pα n qq`µpB n q ď µpf´1 n pβ n qq´µpB n q, (5.6) and if µpf´1 n pα nă µpf´1 n pβ nand B n ‰ A n , then inequality (5.6) is not strict. Finally, set
The definition of A n ensures that f n`1 is proper. Notice that f n pxq " f pxq for all x P X. Define a Borel partial C-coloring f 8 : V á C via the pointwise limit
Since each f n is a proper coloring, f 8 is also proper. We wish to show that f 8 is defined µ-almost everywhere. While this fact can be derived using Lemma 3.10, in this case we can give a simpler and more straightforward convergence argument. Let us introduce the following notation:
ω n : C Ñ r0; 1s : γ Þ Ñ µpf´1pγqq and S n :" 1 2 ÿ γPC ÿ δPC |ω n pγq´ω n pδq| .
Claim 5. 5 . 1 . For all n P N, we have dist µ pf n , f n`1 q ď pS n´Sn`1 q{2. By construction, dist µ pf n , f n`1 q " µpB n q. For each γ P C, we have ω n`1 pγq "
Proof
ω n pα n q`µpB n q if γ " α n ; ω n pβ n q´µpB n q if γ " β n ; ω n pγq otherwise.
It follows from (5.6) and (5.7) that, for each γ P Cztα n , β n u, |ω n pγq´ω n pα n q|`|ω n pγq´ω n pβ n q|´|ω n`1 pγq´ω n`1 pα n q|´|ω n`1 pγq´ω n`1 pβ n q| ě 0.
Therefore, S n´Sn`1 ě |ω n pα n q´ω n pβ n q|´|ω n`1 pα n q´ω n`1 pβ n q| " 2µpB n q " 2dist µ pf n , f n`1 q, as desired. % Claim 5.5.1 yields ř 8 n"0 dist µ pf n , f n`1 q ď S 0 {2 ă 8, and hence, by the Borel-Cantelli lemma, the domain of f 8 is µ-conull. Thus, there is a µ-conull G-invariant Borel subset U Ď dompf 8 q. Define g : V pGq Ñ C by sending each x P U to f 8 pxq and each x P V pGqzU to f pxq. We claim that this g is as desired. It is clear that g is proper and that gpxq " f pxq for all x P X.
It remains to verify (P2). To this end, let α, β P C be colors such that µpg´1pαqq ă µpg´1pβqq. We shall argue that every vertex y P U X pg´1pβqzXq has a neighbor in g´1pαq, which implies (P2) since µpU q " 1. Suppose, towards a contradiction, that y P U X pg´1pβqzXq satisfies N G pyq X g´1pαq " ∅. Set r :" cpyq. Since tyu Y N G pyq Ď U , there is n 0 P N such that for all n ě n 0 , we have: (L1) f n pyq " β and N G pyq X f´1 n pαq " ∅; and (L2) µpf´1 n pαqq ă µpf´1 n pβqq. Take any n ě n 0 with pr n α n , β n q " pr, α, βq. It follows from (L1) that y P A n . On the other hand, y R B n since f n`1 pyq " β ‰ α. As B n ‰ A n , while µpf´1 n pαqq ă µpf´1 n pβqq, we conclude that µpf´1 n pαqq`µpB n q " µpf´1 n pβqq´µpB n q, i.e., µpf´1 n`1 pαqq " µpf´1 n`1 pβqq. But this contradicts (L2) with n`1 in place of n.
5.B. Proof of Theorem 1.11
We are now fully equipped to prove Theorem 1.11, so let G be a Borel graph of finite maximum degree ∆ ě 3 without a clique on ∆`1 vertices, and let µ be an atomless G-invariant probability measure on V pGq such that d µ pGq ď ∆{5. First we use Lemma 5.4 with t " 2∆{5 to find a Borel subset X Ď V pGq such that:
(X1) deg G pyq ă 4∆{5 for all y P V pGqzX; (X2) |N G pyqzX| ă 2∆{5 for all y P V pGqzX; and (X3) C µ pG; X 1 q ě p2∆{5qµpX 1 q for every Borel set X 1 Ď X.
Claim 5.8. µpXq ď 1{4.
P ro o f. This is a consequence of the following chain of inequalities: 2∆µpXq 5 ď C µ pG; Xq ď C µ pG; V pGqq " d µ pGq 2 ď ∆ 10 .
Next we apply Lemma 5.1 to obtain a µ-equitable p∆`1q-coloring h of the subgraph GrXs; here "µ-equitable" means that each color class of h has measure µpXq{p∆`1q. As in the proof of Corollary 1.15, we then uncolor one of the color classes of h and apply Theorem 1.14 to the resulting partial coloring. This produces a µ-measurable proper ∆-coloring h˚of GrXs in which every color class has measure at least µpXq{p∆`1q. After passing to a µ-conull G-invariant Borel subset of V pGq, we may assume that h˚is Borel.
Claim 5.9. If S Ď X is the union of some s color classes of h˚, then sµpXq ∆`1 ď µpSq ď ps`1qµpXq ∆`1 .
P ro o f. Immediate from the fact that each color class of h˚has measure at least µpXq{p∆`1q.
Now we use Proposition 2.1 to obtain a Borel inclusion-maximal proper partial ∆-coloring g Ě ho f G. Then X Ď dompgq by definition; on the other hand, every vertex in V pGqzX has degree less than 4∆{5 ă ∆, so V pGqzX Ď dompgq as well. In other words, dompgq " V pGq, i.e., g is a total coloring. Finally, we invoke Lemma 5.5 to produce a Borel proper ∆-coloring f of G such that:
(P1) f pxq " gpxq for all x P X; and (P2) for any two colors α and β, if µpf´1pαqq ă µpf´1pβqq, then µpty P f´1pβqzX : N G pyq X f´1pαq " ∅uq " 0.
We claim that this ∆-coloring f is µ-equitable. Suppose, towards a contradiction, that f is not µ-equitable. Let the set of colors be C. For γ P C, let V γ :" f´1pγq be the corresponding color class. Let
A :" tα P C : µpV α q ă 1{∆u and B :" tβ P C : µpV β q ě 1{∆u.
Set A :" f´1pAq and B :" f´1pBq. Since f is not µ-equitable, A, B ‰ ∅. Let ξ :" |A|{∆.
Claim 5.10. ξ ă 4{5.
P ro o f. Take any color β P B. Using Claims 5.8 and 5.9, we see that
Therefore, µpV β zXq ą 0. By (X1), each vertex in V β zX has degree less than 4∆{5. On the other hand, by (P2), µ-almost every vertex in V β zX has a neighbor in every color class V α with α P A. Thus, we have |A| ă 4∆{5, or, equivalently, ξ ă 4{5, as desired. Plugging this into (5.15) and multiplying both sides by 10{∆ gives the desired result.
Claim 5. 16 . ξ ă 2{5.
P ro o f. Suppose that ξ ě 2{5. Then 4´10ξ ď 0, so it follows from Claim 5.14 that 1 ě p4´10ξqµpV´q`10ξp1´ξq rby Claim 5.13s ě p2´5ξqp1´ξq`10ξp1´ξq.
In other words, we have 5ξ 2´3 ξ´1 ě 0. This inequality implies that either ξ ď p3´?29q{10 ă 0, which is impossible, or else, ξ ě p3`?29q{10 " 0.83 . . . ą 4{5, contradicting Claim 5.10.
We are ready for the coup de grâce. Since ξ ă 2{5, we have 4´10ξ ą 0, so Claim 5.14 yields µpV´q ď 1´10ξp1´ξq 4´10ξ " 10ξ 2´1 0ξ`1 4´10ξ .
From this and Claim 5.11 we obtain
µpV`q ě 1´ξ´1 0ξ 2´1 0ξ`1 4´10ξ " 3´4ξ 4´10ξ .
The function t Þ Ñ p3´4tq{p4´10tq is increasing for 0 ď t ă 2{5, so µpV`q is at least the value of this function at t " 0, i.e., µpV`q ě 3{4. Since 3{4 ą 7{10, this contradicts Claim 5.12 and completes the proof of Theorem 1.11.
